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@ Mirror symmetry phenomena in moduli of strongly parabolic
G-Higgs bundles M,(G, a).

e First: usual moduli of G-Higgs bundles M(G).

e M(G) is Hyperkahler, holomorphic symplectic
w e HO(QiA(G)).

@ Hitchin system, duality of abelian fibrations: SYZ mirror
symmetry.

M(G) M(GY)
hg hgv
A(G) ~ A(GY)

(Hausel-Thaddeus, Donagi—Pantev)
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Motivation Il

o Duality Fuk(M(G)) ~ D2(M(G")): Homological mirror
symmetry/geometric Langlands correspondence. Classical
limit:

D2(M(6)) =~ DM(G"))
Donagi—Pantev: generically Fourier—Mukai transform along
fibres.

o Kapustin—Witten: hyperkahler enhancements. BAA-branes
(local systems on complex Lagrangians) «» BBB-branes
(hyperholomorphic connections).

e Upward flows: C*-invariant BAA-branes. Simplest: very
stable. (Hausel-Hitchin, 2022; Peén—Nieto, 2024; G., 2025).

@ What about parabolic G-Higgs bundles?
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Mirror symmetry for strongly parabolic Higgs bundles

e Moduli space M(G, «) is Poisson, symplectic leaf
Mp(G, @) defined by strongly parabolic.

e Mirror symmetry in Mg,(G, o), dual Mgp(GY,"). Physics
in (Gukov—Witten, 2006).

e Topological mirror symmetry for G = SL,(C), SL3(C)
(Gothen—Oliveira, 2019), later generalised (Su-Wang—Wen,
2022; Shen, 2023) to SL,(C) using the p-adic integration
techniques in (Grochenig—Wyss—Ziegler, 2020).

@ SYZ mirror symmetry (Biswas—Dey, 2012 for G = SL,(C)):

MSP(G’ a) MSP(GV’ a)

hG hGV

A(G) ~ A(GY)

e Goal: Study BAA-branes (upward flows) in Mg,(G, o).
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Parabolic G-Higgs bundles

G connected semisimple complex alg. group, Lie algebra g.
Fix maximal torus and Borel TC BC G, tC b Cg.
Simple roots {f1,...,5,} C t".

C smooth projective complex curve, canonical K.

Fix punctures D=c¢; +---+ ¢ in C.

Fix parabolic weights o; € tg at each c;.

Weights in standard Weyl alcove i.e. §j(a;) >0, §(e) <1
for § the highest root.

Definition
A parabolic G-Higgs bundle (E, ¢, Q) over C:
@ FE a principal G-bundle over C
@ ¢ a section of E(g) ® Kc(D) (Higgs field)
@ Parabolic structures Q; € E|.,/B. Determine q; C E(g)|c;.
o Compatibility: |, € q; @ Kc(D).

If every |, is nilpotent: strongly parabolic.
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Example G = PGL,(C)

If G=PGL,(C):
e Eis a rank n vector bundle over C (up to line bundle twisting)

@ «; is given by real numbers
aj > >al

with Zjozf =0and ol —af < 1.
@ Each Q;is a full flag

E=0CEC - CE =Ee
® ¢: E— E® Kc(D) is a traceless morphism such that
p(E) € B~ @ Kc(D)
(strongly parabolic).
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@ Natural C*-action:
A (Ea P, Q) = (Ev /\(107 Q)

e Semiprojective: proper fixed point locus, limits at 0 exist.

The upward flow of the fixed point £ := (E, ¢, Q) € Mgy(G, )"

WE = {(E., Q) fim(E A7, @) = £} € Ma(Gr0)

@ & smooth ~~ Wg complex Lagrangian (BAA-brane).
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Very stable parabolic G-Higgs bundles

Two possibilities for £ := (E, ¢, Q) € Mg(G, )"
(Hausel-Hitchin, 2022):

W N h'(0) = {€} | W} has other nilpotents
Wg closed W; not closed
— - -1
h(.;|W2r finite cover dim W nh ' (0) > 1
& very stable & wobbly
We We

E
%% hg £ hg

A(G) l
0 0
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Fixed points G = PGL,(C)

Example with G = PGLy(C). Take D = ¢, k > 0. Consider

Ex:=Oca K ((k—1)0)

/00
Ph = sk 0)°

Fixed point if flag Q is either:
Qtail =0 Q Kgl((k_ 1)C)|C g Ek‘c

or.
Qhead =0 C Oclc € Exlc

(if k> 0).
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Flag curves in G = PGL,(C)

When k = 0, only compatible flag is Qi and (Eo, vo, Qtail) is
very stable (Hitchin section).

When k > 0, can choose any line (t € PL)
Q= 0.C t-Ocle+ K (k= 1)3)le € Eile

to get a parabolic Higgs bundle (E, ok, Q:).

Remark

(Eiy X - iy @t) = (Ek, i Qne)-
Therefore, (Ex, ok, Qo) = (Ek, ¢k, Qtail) is wobbly.

In this family, (E1, ©1, Quead) is the other very stable.
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Expectation in G = PGL,(C)

o Let G=PGL,(C), L := K(D). Fixed points with ¢
generically regular:

E=0aL (D)oL 2(D14+D2)®---@&L " (Dy+---+Dp_1)

o 0o ... 0 O
w1 0 ... 0 O
o=10 ¢ ... 0 0
0 0 ... pp1 O

e C*-action on flag variety E|.,/B~ G/B, flags Q; are fixed.

Expectation

(E, ¢, Q) is very stable if and only if Dy + --- + Dp_1 is reduced &
minimality condition on each flag.

First condition is (Hausel-Hitchin, 2022). Related work of (Henke,
PhD thesis, 2024).
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Generically regular fixed points

@ Focus on fixed points with ¢ generically regular.
@ Set g1 = @} gp, sum of simple root spaces.
e The Weyl group of Gis W:= Ng(T)/T.

e Recall basis of fundamental coweights {wy,...,w/} Ct

(dual to {51,..., 5} C t¥).

Fixed points (E, ¢, Q) € ./\/ls,,(G,oz)(CX with generically regular ¢:

@ E reduces to a T-bundle ET.
° ¢ € H'(Er(g1) ® Kc(D)).
e Qe W-Efl,/(TNnB)C E|,/B.
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Twisted multiplicity divisor

Have projection
H(Er(91) ® Kc(D)) — H(ET(g5,) ® Kc(D))

to get ;.
At ¢; € D, parabolic structure is

ue(E, Q) e W= W- Efl|,/(TnN B).
Set uc(E, Q) =1 for c¢ D.

Definition

The twisted multiplicity divisor of (E, ¢, Q) is

w(E, ¢, Q) := Z <Z —ordc(go,-)w,-v) u(E Q) -c

ceC \i=1

Coefficients in W:= P x W the extended affine Weyl group.
When ¢ ¢ D, coefficient contained in PY ~ WA W/W.
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Classification theorem

There is a partial ordering in W (Bruhat order). Minimal
elements: length zero, i.e. - u€ PV x W such that

e 4 is antidominant minuscule (i.e. 3(u) € {0, —1} for
positive roots 3 € A™)

@ v is the maximum element for the Bruhat order of W within
the minimum length representatives in WJM\W, for W,, C W
generated by simple root reflections fixing .

All coefficients of w(E, ¢, Q) minimal (i.e. minuscule when c ¢ D,
length zero when ¢ € D) =: reduced.

Theorem

Smooth fixed point (E, ¢, Q) with generically regular ¢ is very
stable if and only if w(E, ¢, Q) is reduced.

Remark: If D =0, recovers (G., 2025; arXiv:2503.01289).
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Proof sketch

Work in the affine flag variety
Flg := G((2))/Z

where Z C G[[Z]] is the standard lwahori subgroup defined by
projecting to B C G when z= 0.

e At c € D, fixed point (E, ¢, Q) defines affine Springer fibre

FIZ€ C Flg, has induced C*-action.

Via Hecke transformations, WV,
(Ep,Q)

given by W C FIZ“.

w(E, ¢, Q)|c length zero: lec = ld¢.

w(E, ¢, Q)|c not length zero: W] _ contains curve.

N hgl(O) atce C

Need to consider stability.
Similar analysis over ¢ ¢ D with Grg := G((2))/G[[2]].
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Strategy: Hecke transformations

Definition
A Hecke transformation of (E, ¢, Q) at ¢ € C is another
(E, ¢, Q) with isomorphism over Gy := C\ ¢

(E.¢, @)le = (E ¢ Qlg
How to obtain at c € D:
@ Fix formal disk C; ~ SpecC[[Z]] at ¢. Set Cp1 := Co N Cy.
@ Local data
(Elg,, Qle,, C1 x G,Be G/B® : Co1 x G El,,)-
@ Modify ® — oo for o € Aut(Co1 x G) ~ G((2)).
If o lifts to Aut(Cy x G, B) ~ Z, result is isomorphic.

Flg := G((2))/Z.
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Hecke transformations Il

o Higgs field ¢ becomes (¢o € H(E|¢,(g) ® Kc(D)), ¢1 € i)
compatible with ® and Q|¢,.

@ Hecke transformation: (o, p1) — (@0, Ad,-1(¢1)).

o Well defined? Affine Springer fibre

FIZ' .= {0 € Flg: Ad,—1(p1) € i} C Flg.

Proposition

(E, ¢, Q) fixed point with gen. reg. ¢, there is trivialisation of
(Elc,, Q|c) and C*-action:

Ao i=exp (Z — Iog(A)wY) o

i=1

on FIZ' such that Hecke transformation (E}, ¢, Q) satisfies

(E), 950 Q)) = (Breps Adph—1, Qh1)-
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Thank you!
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