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G-Higgs bundles

G complex semisimple Lie group (SL,C, PGL,C, Sp,, C,
SO,C,Gy,...), Lie algebra g

C smooth projective complex curve, g > 2, canonical K¢
A G-Higgs bundle (E, ¢) over C:

@ E a principal G-bundle over C
@ ¢ a section of E(g) ® K¢ (Higgs field)
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@ E a principal G-bundle over C
@ ¢ a section of E(g) ® K¢
Examples:

@ G=SL,C. Then V:= E(C") a vector bundle of rank n.
det V= Oc¢. Since g = Endp(C"), we get ¢ : V—= V& K¢
traceless.

e G=S50,C. V:= E(C") a vector bundle of rank n with a
non-degenerate symmetric form Q: V= V*. This time
0: V= VR Kcwith ot = —¢.
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Very stable G-Higgs bundles

Moduli space M(G) of isomorphism classes of polystable G-Higgs
bundles.
Natural C*-action:

(E;¢) = (B Ap)
The upward flow of the fixed point (E,¢) € M(G)T":

Wiy = {(E.)s im(E 0 = (E:0)} € M(Q

Complex lagrangian subvariety (BAA-brane, mirror in M(G"))

Definition (Hausel-Hitchin, 2022)
Stable fixed point (E, ¢) is very stable if W(JFE(P) C M(G) is closed
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Fixed points
Fixed points of Borel type: f
(Regular nilpotent Higgs field) )
We will need: m n

@ Cartan subalgebra t C g

>0 o
T — T Q

= sl
@ Simple roots g =Lt

{ag,...,a,} T A~ go,.
° g1 := Doy,
We take (E, ¢) such that
@ E reduces to a T-bundle.

@ ¢ section of E(g1) ® Kc.

g = s05C
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e G=S14C
V/ vector bundle, rank 4 ~~ V = LO SLLdLld® L3
p: Vo> VR Ke~ QO(LJ') - Lj+1 ® K¢

Lo 2 LiKe 2 LK 2 13K
ab c d
frg h
i /
m p
g =sl4C
e G=S05C

V orthogonal bundle, rank 5 ~» V= Lo @& L1 & Oc & L] & L
p: Vo VRKe ot =—p ~
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Multiplicities

91 = @D ga,, projection:
i - E(g1) — E(ga))

Higgs field gives components ;, sections of each E(g,,) ® K¢

Definition
The multiplicity coweight at c € Ciis

r

pei= 3 (ordep) -
i=1

where wy,...,w, € t are the the fundamental coweights.
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Classification

Multiplicity coweight . := > _;(ordcy)) - w)

(Dominant) coweight p is minuscule if a(u) € {0,+1} for all
roots o € A.

Theorem
Stable fixed point (E, p) of Borel type is very stable

—

Multiplicity coweights pc are all minuscule

Main technique is the action of (subspaces of) the affine
Grassmannian Grg on G-Higgs bundles by Hecke
transformations.
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Examples and consequences

0o G=SLUCw»V=LbLi®Lrd L3

LO Y1 Ll KC w2 L2K2C Y3 L3 K3C

Minuscule coweights: 0,wy, wy , wy
Very stable <= 1, p2, 3 no common zeroes, and simple
(Hausel-Hitchin, 2022)

0 G=S05C~ V=01Lg@® L1 D Oc® L] D L.

Lo 2 L1Ke =2 Ock2 —25 13K —25 K%

Minuscule coweights: 0,w,’
Very stable <= (» has no zeroes and 3 simple zeroes

o G = Gp, F4, Eg. Minuscule coweight: 0
Very stable: “Hitchin section”

Miguel Gonzélez Very stable G-Higgs bundles with regular nilpotent Higgs field RTGF



Thank you!
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